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DEFORMATIONS OF NEARLY G2-STRUCTURES
PAUL-ANDI NAGY AND UWE SEMMELMANN
Abstract. We describe the second order obstruction to deformation for nearly G2-
structures on compact manifolds.
1. Introduction
Consider a compact oriented manifold (M7, vol). A G2-structure on M is a 3-form ϕ on
M which is stable in the sense of [10] and compatible with the orientation choice. Such a
structure induces in an unique way a Riemannian metric gϕ on M , with respect to which
we consider ψ := ⋆gϕϕ. The G2-structure is called (strictly) nearly-G2 provided that
dϕ = τ0ψ
for some τ0 ∈ R
×. It is a well established result [5] that nearly-G2 structures are, in
dimension 7, in 1 : 1 corespondence with Riemannian metrics admitting Killing spinors. In
particular gϕ is an Einstein metric of positive scalar curvature, fact which further drives the
research in this area. The nearly G2-structure is called proper provided that aut(M, gϕ) ⊆
aut(M,ϕ); equivalently gϕ is required to admit exactly one Killing spinor. The main classes
of examples known are
• homogeneous, as classified in [7], including the Aloff-Wallach spaces N(k, l)
• obtained from a canonical variation [7], [9] of a 3-Sasaki metric in dimension 7.
A distinguished roˆle is played by the Aloff-Wallach space N(1, 1) which supports a second
nearly-G2 structure of proper type [6].
The deformation theory of (proper) nearly-G2 structures, which is a potential tool for
producing new examples is the main focus in this paper. Some evidence in this direction
is supported by the fact that 3-Sasakian metrics in dimension 7 containing T3 in their
automorphism group can be deformed to Sasaki-Einstein structures [12]. According to [1],
infinitesimal deformations of nearly-G2 structures correspond to the kernel F4 of ∆
gϕ − τ 2
0
acting on Ω427(M, gϕ)∩ ker d. Those are actually deformations which are normalised to lie,
up to the action of the diffeomorphism group, in the Ebin slice for Riemannian metrics on
M . We consider the cubic polynomial
(1.1) K : F4 → F
∗
4
, K(T )γ :=
∫
M
Q2(T ) ∧ ⋆gϕγ vol .
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Here Q2 arises from an explicit quadratic map Q2 : Ω
4
27 → Ω
3
27 between G2-representation
spaces. It is essentially given by the second derivative of Hitchin’s duality map [10]. The
latter plays a crucial roˆle in obtaining explicit parametrisations for curves of G2-structures.
The main result result of this paper is the following
Theorem 1.1. Let (M7, ϕ) be a compact nearly G2-manifold. The set of infinitesimal
deformations which are unobstructed to second order is parametrised by K−1(0).
Here elements T ∈ F4 are called unobstructed to second order provided they arise from
a second order Taylor series of nearly G2-structures. This notion models, at order two,
instances of deformation by smooth curves of nearly G2-structures.
For the Aloff-Wallach space N(1, 1) equipped the canonical variation of the 3-Sasaki
metric, Theorem 1.1 provides an efficient way to decribe second order deformations. This
will be described in a forthcoming paper, based of the representation theoretic description
of F3 given in [1].
Related results have been proved by L.Foscolo in [8] for nearly-Ka¨hler manifolds in
dimension 6 based on our earlier work [13], [14]. In particular he was able to show that
the nearly-Ka¨hler metric on the flag manifold F (1, 2) has no non-trivial deformations. As
it is the case in this paper, his work relies on the explicit parametrisation of curves of
SU(3)-structures given by Hitchin’s duality map.
2. Preliminaries
2.1. Linear algebra. Consider a nearly-G2 manifold (M,ϕ, vol) as above; the induced
metric will be simply denote by g in what follows. Split Λ4 = Λ41 ⊕ Λ
4
7 ⊕ Λ
4
27 into G2-
irreducible components. Note that Λ1
4
= Rψ where ψ = ⋆ϕ.
Lemma 2.1. We have a linear map Λ4 7→ Λ3, T 7→ T̂ uniquely determined from
(2.1) T̂ ∧ (Uyψ) + ϕ ∧ (UyT ) = 0, U ∈ TM.
Moreover
(2.2) T̂ = − ⋆ T1 + ⋆T7 − ⋆T27.
Whenever (A, α) ∈ End(T )×Λ⋆ define A⋆α = Aei ∧ (eiyα). Recall this induces a linear
isomorphism Sym20T → Λ
4
27 via S 7→ S⋆ψ. The main polynomial invariant needed in this
paper is determined by the symmetric bilinear map
q2 : Λ
4 × Λ4 → Λ3
uniquely determined from
(2.3) q2(T1, T2) ∧ (vyψ) + T̂1 ∧ (vyT2) + T̂2 ∧ (vyT1) = 0
whenever v ∈ T.
Let Q2 : Ω
4(M)→ Ω3(M) be the quadratic form associated to q2, i.e. Q2(T ) = q2(T, T ).
Then the restriction of q2 to Ω
4
27
can be computed as follows.
3Lemma 2.2. For any T ∈ Ω4
27
let ST ∈ Γ(Sym
2TM) be the symmetric bilinear form
defined by ST (v1, v2) = 〈v1yT, v2yT 〉 with trace free part S
0
T . Then Q2 is given by
Q2(T ) = −(S
0
T )⋆ϕ −
2
7
|T |2ϕ .
Proof. First we have ST = S
0
T −
4
7
|T |2 g because of tr (ST ) = 4|T |
2. Since T ∈ Ω4
27
and thus
Tˆ = − ∗ T the defining equation for Q2(T ) can be written as
(2.4) Q2(T ) ∧ (v1yψ) ∧ v2 = 2(∗T ) ∧ (v1yT ) ∧ v2 = [−2S
0
T (v1, v2) +
8
7
|T |2g(v1, v2)] vol .
The last equality follows from
(∗T ) ∧ (v1yT ) ∧ v2 = (v1yT ) ∧ (v2 ∧ ∗T ) = −(v1yT ) ∧ ∗(v2yT ) = −ST (v1, v2) vol
Now let S1 ∈ Γ(Sym
2
0TM) be defined by S1(v1, v2) :=
1
2
(v1 ⊗ v2 + v2 ⊗ v1)−
1
7
g(v1, v2).
Then we obtain for the action of S1 on ϕ the formulas
(S1)⋆ϕ =
1
2
(v1 ∧ (v2yϕ) + v2 ∧ (v1yϕ))−
3
7
g(v1, v2)ϕ
⋆ (S1)⋆ϕ = −
1
2
(v1 ∧ v2yψ + v2 ∧ v1yψ)−
10
7
g(v1, v2)ψ.
Note that v1 ∧ v2yψ − v2 ∧ v1yψ = (v1 ∧ v2)∗ψ ∈ Ω
4
7 = ⋆Ω
3
7. Hence we can rewrite the last
equation above as
(2.5) (v1yψ) ∧ v2 = ⋆(S1)⋆ϕ + ∗(Xyψ)
for some vector field X .
For any S ∈ Γ(Sym2
0
TM) we have 〈S, S1〉 =
∑
S(ei, ej)S1(ei, ej) = S(v1, v2) where the
sum is taken over some local ortho-normal basis {ei}. Let S, S˜ be two arbitrary trace free
symmetric 2-tensor then an easy calculations gives
(2.6) 〈S⋆ϕ, S˜⋆ϕ〉 = 2〈S, S˜〉 .
Finally we recall the elementary formula ϕ ∧ (v1yψ)∧ v2 = −4g(v1, v2) vol. From this and
(2.5) we conclude that
[−(S0T )∗ϕ −
2
7
|T |2ϕ)] ∧ (v1yψ) ∧ v2 = −(S
0
T )∗ϕ ∧ ⋆[(S1)⋆ϕ+Xyψ] +
8
7
|T |2g(v1, v2) vol
= (−〈(S0T )∗ϕ, (S1)⋆ϕ〉 +
8
7
|T |2g(v1, v2)) vol
= [−2S0T (v1, v2) +
8
7
|T |2g(v1, v2)] vol
Comparing with the defining equation (2.4) we see thatQ2(T ) is as stated in the lemma. 
Note this also proves directly existence for q2; an a priori proof of this fact from stems
having q2 arising as the second derivative, in a suitable sense, of Hitchin’s functional. To
conclude this section record the following algebraic fact which will be used later on in the
paper.
Lemma 2.3. Let T = λψ + v ∧ ϕ+ T0 ∈ Ω
4(M). Then V ∧ (Uyψ) = 3g(V, U) vol.
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Proof. We have (T0 + λψ) ∧ (Uyψ) = −(T0 + λψ) ∧ ⋆(U ∧ ϕ) = −g(T0 + λψ, U ∧ ϕ)ν = 0.
The claim follows from the algebraic identity ϕ ∧ (Uyψ) = 3Uy vol. 
2.2. The Lie derivative. Let L : Γ(TM) → Γ(TM) denote the first order differential
operator determined from
(dX)7 =
1
3
L(X)yϕ.
A second first order differential operator of relevance is given by
X ∈ Γ(TM) 7→ SX =
1
2
LX g +
1
7
d⋆X ∈ Γ(Sym20T).
Note that we have LX g = δ
∗X where δ∗ is the adjoint operator to the divergence δ. These
operators help to make explicit the type decomposition of Lie derivatives LX ψ,X ∈ Γ(TM)
according to the decomposition Λ4 = Λ41⊕Λ
4
7⊕Λ27 as showed below, where we also establish
additional facts which will be used systematically in this paper.
Lemma 2.4. We have
(2.7) LX ψ = −
4
7
d⋆(X)ψ + (1
2
L(X)− 3
4
X) ∧ ϕ+ (SX)⋆ψ
as well as
(2.8) d⋆(X ∧ ψ) = −11
7
d⋆(X)ψ + (−1
2
L(X)− 9
4
X) ∧ ϕ+ (SX)⋆ψ
and
(2.9) d⋆(X ∧ ϕ) = 4
7
(d⋆X)ϕ+ 1
2
(LX − 3
2
X)yψ + (SX)⋆ϕ.
Proof. Record that d⋆ = −eiy∇ei, d = ei ∧ ∇ei . At the same time ∇Uϕ =
3
4
Uyψ as well
as ∇Uψ = −
3
4
U ∧ ϕ, U ∈ TM . Direct computation based on these facts leads to
d⋆(X ∧ ψ) = − d⋆(X)ψ + (∇X)⋆ψ −
9
4
X ∧ ϕ
d(Xyψ) = (∇tX)⋆ψ −
3
4
X ∧ ϕ
d⋆(X ∧ ϕ) = d⋆(X)ϕ+ (∇X)⋆ϕ−
3
4
Xyψ.
where ∇tX denotes the transpose of ∇X w.r.t. g. All claims follow now from the type
decomposition
∇X = 1
2
(dX)14 +
1
2
(dX)7 −
1
7
d⋆(X)1TM + SX
combined with the algebraic formulas (Uyϕ)⋆ψ = −3U ∧ ϕ, (Uyϕ)⋆ϕ = 3Uyψ with U ∈
TM . 
3. Deformation theory
3.1. Curves of G2-structures. Consider a compact manifold M
7. Asssume that it is
equipped with a G2-structure (ϕ, ψ) ∈ Ω
3(M)⊕ Ω4(M) such that
(3.1) dϕ = τ0ψ.
5Assume that (ϕt, ψt) ∈ Ω
3(M) × Ω4(M) is a small time deformation of (ϕ, ψ) satisfying
(3.1) and having constant volume vol ∈ Ω7(M). This can be assumed w.l.o.g by Moser’s
theorem. Consider the truncated Taylor series
ψt = ψ + tψ1 +
t2
2
ψ2 +O(t
3).
From here we obtain the truncated Taylor series for ϕt as follows. First differentiate in
(3.2) ϕt ∧ (Uyψt) = 3Uy vol
for some vector field U . For t = 0 we obtain with ψ˙ = ψ1 and (2.1) the equations
0 = φ˙ ∧ (Uyψ) + ϕ ∧ (Uyψ1) = φ˙ ∧ (Uyψ)− ψˆ1 ∧ (Uyψ)
and thus ϕ˙ = ψˆ1. Taking a second derivative in (3.2) for t = 0 , together with ψ¨ = ψ2 and
again (2.1), as well as (2.3) for Q2(T ) = q2(T, T ) we obtain
0 = φ¨ ∧ (Uyψ) + 2 ϕ˙ ∧ (Uyψ˙) + ϕ ∧ (Uyψ¨)
= φ¨ ∧ (Uyψ) + 2 ψˆ1 ∧ (Uyψ1) + ϕ ∧ (Uyψ2)
= [φ¨−Q2(T )− ψˆ2] ∧ (Uyψ)
Using again that taking the wedge product with (Uyψ) is injective we obtain the equation
φ¨ = Q2(T ) + ψˆ2. Summarising we have
Lemma 3.1. We have
(3.3) ϕt = ϕ+ tψ̂1 +
t2
2
(ψ̂2 +Q2(ψ1)) +O(t
3).
In our formulation of the deformation theory for nearly G2 manifolds the first order differ-
ential operator D : Ω4(M)→ Ω4(M) defined as
DT := dT̂ − τ0T.
will play in important role. Differentiating the structure equation (3.1) for (ϕt, ψt) together
with (3.3) yields, at t = 0 the two equations
(3.4) Dψ1 = 0 and Dψ2 = − dQ2(ψ1)
This motivates the following
Definition 3.2. An element ψ1 ∈ Ker(D) is unobstructed to second order provided there
exists ψ2 ∈ Ω
4(M) solving Dψ2 = − dQ2(ψ1).
The operator D is sub-elliptic in the sense of [3] since its principal symbol which is
given by ξ ∈ Λ1M 7→ σ(ξ)T = ξ ∧ T̂ is injective. Hence we have the L2-decomposition
Ω4(M) = ker(D⋆)⊕ Im(D). Therefore the equation Dψ2 = dQ2(ψ1) can be solved for ψ2
if and only if dQ2(ψ1) ⊥ ker(D
⋆), that is
(3.5) Q2(ψ1) ⊥ d
⋆ ker(D⋆)
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w.r.t. the L2-inner product. In the following we will derive a description of the space
d⋆ ker(D⋆) which will lead to a simple formulation of condition (3.5).
3.2. Structure of the operators D,D⋆. Throughout this section we work with the
convention that τ0 = 3. The following general observation will be repeadly used in this
section.
Lemma 3.3. We have D(LX ψ) = d(d
⋆Xϕ) for X ∈ Γ(TM).
Proof. Consider the flow (Φt)t∈R of X together with the nearly G2-structure defined by
ϕt = Φ
⋆
tϕ and ψt = Φ
⋆
tψ. Differentiating at t = 0 in ϕt ∧ (Uyψt) = 3Uy volt where
volt = Φ
⋆
t vol leads by Lemma 2.1 to ϕ˙t = L̂Xψ − (d
⋆X)ϕ at t = 0. We have taken into
account that ˙volt = LXvol = −(d
⋆X) vol and ψ˙t = LXψ at t = 0, as well as ψ̂ = −ϕ. The
claim follows by differentiating in dϕt = τ0ψt. 
Let K := aut(M, g) be the space of Killing vector field and denote with K⊥ its L2-
orthogonal within Γ(TM). We assume that the structure is proper in the sense of [7], i.e.
(M, g) admits a one-dimensional space of Killing spinors and in particular we have
(3.6) K ⊆ aut(M,ϕ).
Thus the Lie derivative of ϕ and ψ in the direction of Killing vector fields vanishes. This
condition leads to an important simplification in subsequent calculations.
Lemma 3.4. Let Q be the operator defined on Ω1(M) by QX = ∆X − 2RicX − 9
7
d d⋆X.
Then kerQ = K and Q : K⊥ → K⊥ is invertible.
Proof. Because g is an Einstein metric Q preserves the splitting Ω1(M) = ker(d⋆)⊕ Imd.
On ker(d⋆) it is clear that ker(Q) = K. At the same time Q◦d = −2
7
d(∆+scal) on C∞(M).
As scal > 0 the operator ∆+ scal is invertible on C∞
0
(M) := {f ∈ C∞(M) :
∫
M
f = 0} and
the claim is proved. 
Next we want to describe an L2 orthogonal splitting of Ω4(M). It will be convenient to
consider the spaces
E := {(LX ψ)27 : X ∈ K
⊥} and F := {T ∈ Ω4
27
: d⋆
7
T ∈ Kyψ}
where d⋆
7
T := (d⋆ T )7 for T ∈ Ω
4(M), w.r.t. the decomposition Ω3(M) = Ω3
1
⊕ Ω3
7
⊕ Ω3
27
.
For ease of reference we write Kyψ = {Xyψ : X ∈ K} and Ω4
7′
:= K⊥ ∧ ϕ, as well as
Ω4
1⊕7′ = Ω
4
1 ⊕ Ω
4
7′
.
Lemma 3.5. We have an L2-orthogonal splitting
(3.7) Ω4(M) = (K ∧ ϕ)⊕ (Ω4
1⊕7′ ⊕ E)⊕ F .
Proof. It is enough to check that Ω4
27
= E ⊕ F . Clearly E and F are L2-orthogonal from
the definition of E . Indeed for T ∈ F and X ∈ K⊥, i.e. (LX ψ)27 ∈ E we compute
(T, (LX ψ)27) = (T,LX ψ) = (T, d(Xyψ)) = (d
∗
7
ψ,Xyψ) = 0
by the defining condition of F .
7That E ⊕ F spans Ω427 is a consequence of a standard argument which we briefly out-
line below. Let the divergence δ : Γ(Sym2
0
TM) → C∞(M) be defined according to the
convention δS := −
∑
(∇eiS)ei. By direct computation we obtain
(3.8) δSX = QX.
Identify Sym2
0
T→ Λ4
27
according to S 7→ S⋆ψ. Then
(3.9) d⋆
7
(S⋆ψ) =
1
2
(δS)yψ
Split δS = K + Y with K ∈ K and Y ∈ K⊥. Let Z ∈ K⊥ be such that QZ = Y ; since
(LX ψ)27 = (SX)⋆ψ
by (2.7) this leads to d⋆
7
((LZ ψ)27) = δSZyψ = QZyψ = Y yψ. In other words S⋆ψ −
(LZ ψ)27 ∈ F and the claim is proved. 
Remark 3.6. As a consequence of (3.8) and Lemma 3.4 we note that on Einstein manifolds
of positive scalar curvature, as it is the case in our situation, the kernel of the map X 7→ SX
consists of Killing vector fields.
The decomposition above is well adapted to the study of the operator D as the following
shows.
Proposition 3.7. The following hold
(i) the splitting (3.7) is preserved by the operators D and D⋆
(ii) we have D⋆|F = D|F .
Proof. (i) first we check that D preserves Ω4
1
⊕ (K⊥ ∧ ϕ)⊕ E , the second summand of the
splitting (3.7). By direct computation we obtain
(3.10) D(fψ) = − df ∧ ϕ− 6fψ and D(X ∧ ϕ) = −LX ψ − 3X ∧ ϕ
with (f,X) ∈ C∞(M)×Γ(TM). Note that df ∈ K⊥ since Killing vector fields are co-closed.
Clearly LX ψ ∈ Ω
4
1⊕7 ⊕ E . Moreover we see
(LX ψ,K ∧ ϕ)L2 = (Xyψ, d
⋆(K ∧ ϕ))L2 = −(Xyψ, ⋆LK ψ)L2 = 0
for all K ∈ K by using (3.6). Thus
LX ψ ∈ Ω
4
1⊕7′ ⊕ E .
Combining this observation with (3.10) leads to
(3.11) D(Ω4
1⊕7′) ⊆ Ω
4
1⊕7′ ⊕ E .
It remains to consider the action of D on E . Here we find that
D((LY ψ)27) = D(LY ψ)−D((LX ψ)1⊕7′) ∈ Ω
4
1⊕7′ ⊕ E ,
by using Lemma 3.3 and (3.11) above.
The first summand in (3.7) is preserved by D because of the the second equation in
(3.10) and LX ψ = 0 for Killing vector fields X .
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Finally we have to show that the operator D also preserves F , i.e. the third summand
of the decomposition (3.7). Here we take (T,X) ∈ F × K⊥ and compute the L2-product
(DT, (LX ψ)27)L2 = −(d ⋆T, (LX ψ)27)L2 = −(T, ⋆ d
⋆((LX ψ)27))L2 = (T,D((LX ψ)27))L2 .
where we have taken into account that T ⊥ (LX ψ)27, which is true since F ⊥ E and T ∈ F ,
(LX ψ)27 ∈ E by assumption. As showed above DE ⊆ Ω
4
1⊕7′ ⊕ E which is orthogonal to
F . Thus the equation above shows DF ⊥ E , i.e. we already have DF ⊆ Ω4
1⊕7′ ⊕ F . Next
we will show that DF is orthogonal to Ω4
7′
, i.e. to forms X ∧ ϕ with X ∈ K⊥. For a
T ∈ F ⊂ Ω4
27
we have DT = −d ⋆ T − τ0T . Hence
(DT,X ∧ ϕ) = −(d ⋆ T − τ0T,X ∧ ϕ) = −(⋆d ⋆ T, ⋆(X ∧ ϕ)) = (d
∗
7T,Xyψ) = 0
by the defining condition of F if we take X ∈ K⊥. But DT is also orthogonal to any 4-form
X ∧ ϕ for X ∈ K. Indeed if X ∈ K we have LX ψ = 0 and we obtain for any T ∈ Ω
4
27
that
(DT,X ∧ ϕ) = −(d ⋆ T,X ∧ ϕ) = (d∗T,Xyψ) = (T, d(Xyψ)) = (T,LX ψ) = 0 .
Finally it remains to prove that DF is orthogonal to Ω41. Let f some function and T ∈ F
then we similarly compute
(DT, fψ) = −(d ⋆ T, fψ) = −(d∗T, fϕ) = −(T, d(fϕ)) = −(T, df ∧ ϕ+ fτ0ψ) = 0 .
Thus DF ⊆ F as claimed. Since the splitting (3.7) is L2-orthogonal and preserved by D
it must also be preserved by D⋆.
(ii) follows from ⋆ d⋆ = d ⋆ on Ω4(M) and DF ⊆ F . 
Note that any T ∈ Ω4
27
with DT = 0 is an element in F . Indeed for such a T we have
DT = −d ⋆ T − τ0T . Hence the condition DT = 0 translates into d
∗T = −τ0 ⋆ T and in
particular d∗
7
T = 0, i.e. T ∈ F . We consider the space F4 := {T ∈ Ω
4
27
: DT = 0} ⊂ F .
Elements T ∈ F4 satisfy as we have seen the equation ⋆d⋆T = −τ0 ⋆T . Hence F3 := ⋆F4 is
exactly the space of infinitesimal deformations considered in [1]. We also see directly that
F4 is a subspace of the eigenspace for Laplace operator acting on 4-forms for the eigenvalue
τ 2
0
. In particular F4 is finite dimensional.
An important first consequence of Proposition 3.7 is the following
Corollary 3.8. We have
(3.12) ker(D) = ker(D|Ω4
1⊕7′
⊕E)⊕ F4
as well as
(3.13) ker(D⋆) = ker(D⋆|Ω4
1⊕7′
⊕E)⊕F4.
Proof. We have already seen that D = −3 id on K ∧ ϕ. Thus D has no kernel on the first
summand of (3.7) and the statement follows since D preserves the decomposition (3.7). 
It is now straightforward to determine the action of D on Ω4
1⊕7′⊕E as follows. The main
observation here is that
9Proposition 3.9. We have an identification map
(3.14) (f,X, Y ) ∈ C∞(M)⊕K⊥ ⊕K⊥ 7→ fψ +X ∧ ϕ+ LY ψ ∈ Ω
4
1⊕7′ ⊕ E
w.r.t. which
(3.15) D(f,X, Y ) = (3 d⋆ Y − 6f, d(d⋆ Y − f)− 3X,−X).
Proof. For ease of reference indicate with ι the map in (3.14). Clearly ι(f,X, Y ) = 0
forces (LY ψ)27 = 0; applying d
⋆
7
yields QY = 0, as in the proof of Lemma 3.5. Therefore
Y ∈ K and hence Y = 0. That ι is surjective follows, via the definition of E , from
(LXψ)27 = LXψ − (LXψ)1⊕7′ whenever X ∈ K
⊥. The claim in (3.15) is now granted by
Lemma 3.3 and (3.10). 
An easy argument based on (3.15) shows that
(3.16) ker(D) = {LX ψ : X ∈ K
⊥, d⋆X = 0} ⊕ F4.
3.3. Computation of ker(D⋆). Computing the kernel of D⋆ on Ω4
1⊕7 ⊕ E requires a bit
more work as the map in (3.14) is not an isometry w.r.t. the canonical L2 inner product
on C∞(M)×K⊥ ×K⊥. The restriction of D⋆ to Ω4
1⊕7′ ⊕ E can be understood similarly to
the restriction of D, using a slightly different parametrisation for the latter space.
Proposition 3.10. We have
ker(D⋆) = {d⋆(Y ∧ ψ) + 3Y ∧ ϕ : Y ∈ K⊥, d⋆ Y = 0} ⊕ F4.
Proof. Pick α ∈ Ω4
1⊕7′⊕E . Since we are ultimately interested in the space spanned by d
⋆α it
is convenient to parametrise α = fψ+X∧ϕ+d⋆(Y ∧ψ) with (f,X, Y ) ∈ C∞(M)×K⊥×K⊥.
Proof of existence relies on (2.9) and is entirely similar to the argument used to establish
3.14. Because d ◦D = −3 d we have
D⋆ ◦ d⋆ = −3 d⋆ on Ω5(M).
On the other hand, using (2.2) of Lemma 2.1 and an easy L2-orthogonality argument we
compute the three components of D∗(X ∧ ϕ) in Ω4(M) as
D⋆
1
(X ∧ ϕ) = (LXψ)1, D
⋆
7
(X ∧ ϕ) = −(LXψ)7 − τ0X ∧ ϕ, D
⋆
27
(X ∧ ϕ) = (LXψ)27
Together with (2.7) as well as (2.9) this entails
D⋆(X ∧ ϕ) = d⋆(X ∧ ψ) + d⋆X ψ.
On the other hand, direct computation with D∗ = − ∗ d∗ − τ0 id on Ω
4
1 shows that
D⋆(fψ) = − df ∧ ϕ− 6fψ.
Thus D⋆α = 0 for a fixed form α ∈ Ω4
1⊕7′ ⊕ E in terms of the parametrisation above reads
d⋆((X − 3Y ) ∧ ψ) + df ∧ ϕ+ (d⋆X − 6f)ψ = 0.
Projecting the last equation onto Ω4
27
by using (2.9) shows (SX−3Y )∗ψ = 0, i.e. SX−3Y and
thus X−3Y has to be a Killing vector field by remark 3.6. Since X, Y ∈ K⊥ by assumption
it follows that X = 3Y . Thus clearly f = 0 and d⋆(X) = 0 and the claim is proved. 
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In particular, denoting F3 := ⋆F4 we obtain
Corollary 3.11.
(3.17) d⋆ ker(D⋆) = {d⋆(Y ∧ ϕ) : Y ∈ K⊥, d⋆ Y = 0} ⊕ F3.
Proof. We only need to check that d⋆F4 = F3 which follows from having d
⋆ T + 3 ⋆ T = 0
whenever T belongs to F4. 
Remark 3.12. Parts of the infinitesimal deformation space F4 have been explicitly com-
puted in cohomological terms by van Coevering [12] for Sasaki Einstein and 3-Sasaki struc-
tures.
4. Proof of Theorem 1.1
To capture explicitly the properties of the subset of ker(D) which consists of unob-
structed, at second order, deformations we consider again the Kuranishi-type map K :
F4 → F
∗
3 as introduced in (1.1). Note that K depends quadratically on its first argument.
We see that a 4-form T is in the set K−1(0) if and only if the 3-form Q2(T ) is orthogonal
to the space F3.
We first establish the following preliminary
Lemma 4.1. Whenever T ∈ F4 we have
d7(Q2(T )) = −
1
3
d |T |2 ∧ ϕ.
Proof. For convenience we normalise to τ0 = 3 in what follows. Pick a local orthonormal
basis {ei} in TM and a section U ∈ Γ(TM). Differentiate the defining equation
(4.1) Q2(T ) ∧ (Uyψ) + 2T̂ ∧ (UyT ) = 0
in direction of ei to obtain
2∇eiT̂ ∧ (UyT ) + 2T̂ ∧ (Uy∇eiT ) +∇ei(Q2(T )) ∧ (Uyψ) +Q2(T ) ∧ (Uy∇eiψ) = 0.
Record that
∑
i ei ∧ (Uy∇eiT ) = ∇UT − Uy dT since d T̂ = 3T forces dT = 0. Similarly
we have
∑
i ei ∧ (Uy∇eiψ) = ∇Uψ since ψ is closed. Taking the exterior product with ei
in the displayed equation above whilst taking into that ∇Uψ = −
3
4
U ∧ ϕ we arrive at
2 d T̂ ∧ (UyT )− 2T̂ ∧∇UT + d(Q2(T )) ∧ (Uyψ) +
3
4
Q2(T ) ∧ U ∧ ϕ = 0.
As DT = 0 we have d T̂ ∧ (UyT ) = 3T ∧ (UyT ) = 0 since T ∧ T ∈ Λ8 = 0 and T has even
degree. Having T ∈ Λ427 ensures that T̂ = − ⋆ T thus
T̂ ∧ ∇UT = −g(T,∇UT ) vol = −
1
2
d |T |2(U) vol .
Summarising
(4.2) (d |T |2)(U) vol + d(Q2(T )) ∧ (Uyψ) +
3
4
Q2(T ) ∧ U ∧ ϕ = 0.
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The last algebraic summand can be determined directly from (4.1) as follows. Take U = ei
therein, then wedge with eiyUyϕ. After summation this yields
−Q2(T ) ∧ (Uyϕ)⋆ψ + 2 ⋆ T ∧ (Uyϕ)⋆T = 0.
It follows that 3Q2(T )∧U ∧ϕ+ 2g(T, (Uyϕ)⋆T ) vol = 0. Because Uyϕ is skew-symmetric
so is (Uyϕ)⋆ : Λ
4 → Λ4. Therefore g(T, (Uyϕ)⋆T ) = 0 and the claim follows from (4.2) and
Lemma 2.3. 
The full description of infinitesimal deformations which are unobstructed to second order
is contained below. Note that by 3.16 and a gauge change we can normalise infinitesimal
deformations ψ1 to lie in F4.
Theorem 4.2. An element ψ1 ∈ F4 is unobstructed to second order if and only if
(4.3) ψ1 ∈ K
−1(0).
Proof. As we already have remarked in (3.5) an infinitesimal deformation described by ψ1
is unobstructed at second order if and only if Q2(ψ1) ⊥ d
⋆ ker(D⋆). The computation of
the latter space in (3.17) leads to Q2(ψ1) ⊥ {d
⋆(X ∧ ϕ) : X ∈ K⊥, d⋆X = 0} ⊕ F3, i.e.
Q2(ψ1) ⊥ {d
⋆(X ∧ ϕ) : X ∈ K⊥, d⋆X = 0} and Q2(ψ1) ⊥ F4
The second requirement is by definition of K equivalent to ψ1 ∈ K
−1(0), whereas the first
is trivially satisfied by Lemma 4.1. Indeed, since d∗X = 0 we have
(Q2(ψ1), d
∗(X ∧ ϕ)) = (d7(Q2(ψ1)), X ∧ ϕ) = −
1
3
(d |T |2 ∧ ϕ,X ∧ ϕ) = −4
3
(d |T |2, X) = 0 .

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